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1 Overview of VLASOV1

The VLASOV1 software was developed in MATLAB for educational purposes (but not for scientific computing)
at 11st International School for Space Simulations (ISSS-11) held in Taiwan in July 2013, to experience proce-
dures of computer simulations and to study basic numerical schemes. Scientific applications of the VLASOV1
software are limited to electrostatic problems in one-dimensional configuration space and one-dimensional veloc-
ity space (i.e., two-dimensional x−vx phase space), since “hyper-dimensional” (i.e., more than three dimensions
in configuration plus velocity spaces) Vlasov simulations require huge computational resources (Umeda, 2012).

Since the basic concept of the Vlasov simulations is similar to those of the Particle-In-Cell (PIC) simulations,
users are strongly recommended to consult the following websites,

http://www.terrapub.co.jp/e-library/cspp/

http://www.terrapub.co.jp/e-library/amss/

http://space.rish.kyoto-u.ac.jp/software/

and study the basic of PIC simulations by reading the section of KEMPO1 (Omura and Matsumoto, 1993)
in advance. The VLASOV1/MATLAB code used in the hands-on session of ISSS-11 adopts a special GUI
interface based on MATLAB for input parameters and real-time graphical diagnostics, which is modified from
the one used in the KEMPO1/MATLAB code (Omura, 2007) developed for ISSS-7. Also, the structure of
the VLASOV1/MATLAB code is similar to that of the KEMPO1/MATLAB code. Therefore, it would be
helpful for users to perform particle simulations (especially one-dimensional electrostatic simulations) using the
KEMPO1/MATLAB code (Omura, 2007) to be familiar with the GUI interface as well as the programming
based on MATLAB.

Honesty saying, there is no “standard” numerical scheme for Vlasov simulation. In other words, numerical
schemes for Vlasov simulations are still developing. The time-advance algorithm used in the VLASOV1 software
is the (operator) splitting scheme (Cheng and Knorr, 1976), which is the most popular and stable one used
widely in Vlasov simulations. By using the operator splitting, the Vlasov equation for the species s,
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These advection equations mean that the shape (profile) of the distribution function fs does not change along
a trajectory moving with a particle. In the splitting scheme (Cheng and Knorr, 1976), these two advection
equations are solved alternately in time, which is consistent with the second-order leap-frog time stepping used in
PIC simulations. Although a lot of numerical schemes are proposed for solving the Vlasov (advection) equations
since Cheng and Knorr (1976), there is no “impeccable” numerical scheme for solving the advection equation
because of several numerical reasons, such as the numerical dissipation (diffusion), the numerical oscillation,

http://www.terrapub.co.jp/e-library/cspp/
http://www.terrapub.co.jp/e-library/amss/
http://space.rish.kyoto-u.ac.jp/software/


numerical instabilities and computational costs. For educational purposes, the VLASOV1/MATLAB code
offers a limited number of numerical schemes used in Vlasov simulations to study how numerical schemes affect
simulation results.

2 Start up

The VLASOV1 software can be launched from MATLAB command window. If MATLAB in any version has
already installed on users’ own local computing environment, the VLASOV1 software can be used. The detailed
procedures are as follows.

• Extract (unzip) vlasov1m src.zip which contains all the source files.

• Launch MATLAB from the directory vlasov1m src.

• Type “vlasov1” at the command line.
>> vlasov1

Then, an window for an window for inputing simulation data (Figure 1) is opened after a splash screen of the
VLASOV1 software is closed.

3 Input parameter sets

A set of default parameters is automatically loaded from a file named “input tmp.dat” (which has been installed
in the VLASOV1 work directory) and is shown in the window (Figure 1). Users can modify the parameter set
suitable to their own purposes via the graphic user interface shown in Figure 1. Different sets of parameters can
be loaded from other parameter files in the work directory by the “LOAD” button at the bottom. The current
parameters can be saved to a specified file by the “SAVE” button.

The parameter set consists of four parts, i.e., “Input Parameters” for setting up a simulation initial condition,
“Initial Noise” for starting the simulation, “Diagnostics” for real-time graphical output, and numerical schemes
for solving advection equations and electric fields. All the tables for the input parameter sets are found in
the menu bar of the data input window [Help→Parameter]. The data set can be saved by clicking “SAVE”
button (then the data save window is opened, and users can write a filename to be saved). The saved data
set can be loaded by clicking “LOAD” button (then the data load window is opened, and users can select a
corresponding file).

3.1 Input parameters

Table 1 shows the meaning of each parameter of input parameters used in the VLASOV1/MATLAB code.
VLASOV1 can treat multi-component plasmas by specifying “NS” as the number of species, in each of which
the basic parameters (the charge to mass ratio, plasma frequency, drift/thermal velocity, maximum/minimum
velocity) can be independently fixed. Users can change the species from “Species #” pop-up menu. For
readability, given parameters of all particle species can be seen in one window by clicking “Preview” button.

In the VLASOV1/MATLAB code, the initial velocity distribution for each species is given by the Maxwellian
distribution function,

fs(vx) ≡
1√

2πVt(s)
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]
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In Vlasov simulations, the density n itself cannot be defined but the charge density qn or the mass density mn
is defined. In the VLASOV1/MATLAB code, velocity distribution functions are normalized to unity but the
charge density is computed by qsns = msω

2
p/qs (where ϵ0 = 1 is assumed for simplicity).

3.2 Initial noises

Vlasov simulations need a seed perturbation as initial noises. Otherwise nothing happens as fluid simulations.
Table 2 shows the meaning of each parameter of initial noises used in the VLASOV1/MATLAB code. VLASOV1
can treat multi-component initial noises by specifying “NMODE” as the number of wave mode for initial
perturbation, in each of which the amplitude and the phase can be independently fixed.



Figure 1: Window for inputing simulation data for VLASOV1.

In the VLASOV1/MATLAB code, the electric perturbation takes the following form,

Ex(x, t) =
∑
m

{Pamp(m) cos (ωmt− kmx+ Pphase(m)) +Namp(m) cos (ωmt+ kmx+Nphase(m))} (5)

with t = 0 for initial noises. The wavenumber km is determined from the mode numberm, i.e., km = 2πm/Nx∆x.
The frequency of each mode ωm is determined from the linear dispersion relation of Langmuir waves. The
initial density perturbation is determined from the Poisson’s equation. Initial perturbations for other physical
quantities such as the bulk velocity and the temperature for electron species (QM(s) < 0) are determined from
the electron fluid equations.

On the other hand, initial perturbations for ion species (QM(s) > 0) are set as the white noise, where
the amplitude of each mode is constant but the phase is random. Also, initial perturbations of the ion bulk
velocity and temperature are set to be zero for simplicity, which means that initial perturbations for ion species
are phase standing. Users can change the mode number from “Mode #” pop-up menu. For readability, given
parameters of all modes can be seen in one window by clicking “Preview” button.



Table 1: List of parameters for simulation set up.
DX : Grid spacing.
DT : Time step.
NX : Number of grid points for the configuration space (Nx).
NV : Number of grid points for the velocity space (Nv).
NTIME : Number of time steps in a simulation run.
NS : Number of particle species.
QM(s) : Charge-to-mass ratio qs/ms of the species s.
WP(s) : Plasma frequency of the species s.
VT(s) : Thermal velocity of the species s.
VD(s) : Drift velocity of the species s.
VMAX(s) : Maximum velocity of the species s.
VMIN(s) : Minimum velocity of the species s.

Table 2: List of input parameters for initial noises.
1: User defined : Both amplitude and phase of each mode are defined based on the input parameters

listed below.
2: Random phase : The amplitude of each mode is defined based on the input parameters listed below,

but phase of each mode is set to be uniformly random.
3: White noise : The initial noises are set as a white noise. The amplitude of each mode is defined by

max(Pamp,Namp)/NX while the phase of each mode is set to be uniformly random.
NMODE : Number of modes for initial noises.
Pamp(m) : Amplitude of the wave mode number m propagating in the positive direction.
Pphase(m) : Phase of the wave mode number m propagating in the positive direction.
Namp(m) : Amplitude of the wave mode number m propagating in the negative direction.
Nphase(m) : Phase of the wave mode number m propagating in the negative direction.

Table 3: List of input parameters for diagnostics.
Emax : Maximum range for plotting electric fields, current density and charge density.
NPLOT : Number of diagnostics to be made throughout the simulation run.

In the VLASOV1/MATLAB interface windows, the six different diagnostics
listed below can be specified.

f(Vx) : Averaged (reduced) velocity distribution function, f(vx).
Ex(X) : Plot of Ex(x).
Rho(X) : Plot of ρ(x).
Jx(X) : Plot of Jx(x).
Ex(k) : Wavenumber spectrum of Ex(k).
Ex(w,k) : ω − k diagram of Ex.
Ex(t,X) : Contour plot of Ex(x, t).
Ex(t,k) : Contour plot of Ex(k, t).
Energy : Energy history plot of kinetic and electric energy densities.
X - Vx : x− vxphase space plot of distribution function fs(x, vx) for the species s.



Table 4: List of input parameters for numerical schemes.
Interpolation schemes.

0: Linear : Linear (first-order Lagrange) interpolation.
1: 2nd-order : Second-order Lagrange interpolation.
2: 4th-order : Fourth-order Lagrange interpolation.
3: Cubic Spline : Cubic spline interpolation (Cheng and Knorr, 1976).
4: FFT : Fast Fourier transformation (spetral method) (e.g., Klimas, 1983).
5: CIP3 : Third-order constrained interpolation profile (CIP) scheme

(Nakamura and Yabe, 1999).
6: PIC4 : Fourth-order central positive and non-oscillatory conservative scheme

(Umeda et al., 2012).
7: User’s scheme : Numerical scheme developed by users themselves.

Please modify “velocity.m” and “position.m.”
Procedures for obtained electric field.

1: Charge + Poisson : Charge density ρ ≡
∑

s

∫
fsdvx and Poisson’s equation.

2: Charge Conservation : Current density based on the charge conservation and Maxwell’s equation.
This option is valid ONLY with conservative schemes.

3: Current + Efield : Current density Jx ≡
∑

s

∫
vxfsdvx and Maxwell’s equation.

3.3 Diagnostics

After fixing the parameter sets, click “START” button to start a simulation run. A new window is opened
(Figure 2) where real-time diagnostic figure panels are made as the simulation time step advances. The
VLASOV1/MATLAB code provides various types of plots for the real-time diagnostics. Table 3 shows the
meaning of each parameter of diagnostics used in the VLASOV1/MATLAB code. Before starting the simula-
tion run, users can select six different diagrams from the pop-up menu in the data input window (see Figure
1). Every diagram is redrawn as the simulation time step advances, except the wave dispersion relation plot is
drawn after the simulation run is completed.

Specific functions in the figure window are as follows:
– Press space (or any other) key: pause/restart the simulation run.
– Press the zoom in/out button in the menu bar, and click the diagram: the plot area is zoom in/out.
– Press ESC: exit the simulation run.

3.4 Numerical schemes

Table 4 shows the meaning of each option for numerical schemes used in the VLASOV1/MATLAB code.

3.4.1 Interpolation.

Since Cheng and Knorr (1976), advection equations are solved with the “semi-Lagrangian” schemes, in which
an advection equation is solved in the form of the “Lagrangian” derivative, i.e., d

dtf(x−vt) = 0, where the shape
of the function f is preserved along a trajectory moving with a particle. Physical quantities (a distribution
function f in this case) between grid cells are interpolated from the physical quantities on the neighboring
grid cells. The VLASOV1/MATLAB code provide various kinds of numerical interpolation schemes. Lagrange
polynomial interpolation in the first, second and fourth degrees is provided for educational purposes. The
cubic spline interpolation is a traditional scheme used since 1970’s (e.g., Cheng and Knorr, 1976). The spectral
method (such as Fast Fourier Transformation: FFT) is also traditional scheme widely adopted since 1970’s
(e.g., Shoucri and Gagne, 1976; Klimas, 1983). In 1990’s and 2000’s, the constrained interpolation profile (CIP)
scheme was used for Vlasov simulations (e.g., Nakamura and Yabe, 1999) because of its high accuracy.

It is a recent trend to use “conservative” schemes for numerical interpolation in Vlasov simulations. The
time integration of advection equations (e.g., Eq.(2)) is generally performed by the following procedure,

f t+∆t
i,j ← f t

i,j + δxvfi,j . (6)

Here, the distribution function f is descritized at (i, j) space on the x − vx plane, and δxvf means the time
integral of the spatial derivative (difference) of vxfi,j from time t to t +∆t. The allow means “insert” (which



Figure 2: Window for real-time diagnostics of VLASOV1.

commonly corresponds to “=” in programming). If Eq.(6) can be rewritten in the following form

f t+∆t
i,j ← f t

i,j − Ui+ 1
2 ,j

+ Ui− 1
2 ,j

, (7)

the scheme is can be called as a conservative scheme, because it could be easily found that the total value
of the distribution function, i.e.,

∑
i fi,j is conserved during the calculation. Conservative schemes also have

advantages in ease for introducing slope limiters in the reconstruction to ensure specific properties such as
positivity and monotonicity.

As an example of recent conservative schemes, the fourth-order central positive interpolation scheme for
conservation laws (PIC4) (Umeda et al., 2012) is provided. This scheme is based on the conservative form
of the fourth-order central Lagrange interpolation with a special flux limiter that can preserve both “non-
oscillatory” and positivity (Umeda, 2008). Here, the concept of a “non-oscillatory” scheme is not to generate
new extrema (local maximum and minimum) but to allow the existence of already-existing extrema. The
Lagrange interpolation (of any degree) is also a conservative scheme.

Users can also introduce their own numerical schemes by editing “velocity.m” and “position.m” files.



3.4.2 Electric fields.

Another parameter for the numerical schemes is the procedure for solving electrostatic fields. VLASOV1 adopts
the same staggered grid system as KEMPO1, where the charge density (distribution function) is defined on the
full-integer grids, i, while the current density and the electric field are defined on the half-integer grids, i+ 1

2 .

The option 1: “Charge + Poisson” uses the same procedure as the electrostatic version of KEMPO1 for
solving electrostatic fields. That is, compute the charge density ρ by integrating distribution functions over the
velocity,

ρti =
∑
s

∑
j

f t
s,i,j . (8)

Then, the electrostatic field is computed based on the spatial difference form of the Poisson equation,
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2

− Et
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2

∆x
=

ρti
ϵ0
. (9)

It should be noted that the electric field on the full-integer grids is necessary for solving the advection equation
in velocity space (3). The electric field on the full-integer grids is relocated (interpolated) from that on the
half-integer grdis (Omura and Matsumoto, 1993).

The option 2: “Charge Conservation” is valid only with the conservative interpolation schemes (Lagrange
interpolation and PIC4 schemes in the VLASOV1/MATLAB code). With this option, the current density is
computed based on the charge conservation law,

∂ρ

∂t
+

∂Jx
∂x

= 0 (10)

The difference form of the charge conservation law (10) could be easily derived by integration Eq.(7) over the
velocity,

J
t+∆t

2

x,i+ 1
2

=
∑
s

∑
j

U
t+∆t

2

x,s,i+ 1
2 ,j

(11)

The electric field is computed by based on the temporal difference form of the Maxwell equation,
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Then, the electric field on the full-integer grids is relocated (interpolated) for the advection in the velocity space.

The option 3: “Current + E-field” gives a good example showing what happens when ignoring the charge
conservation law. The current density can be also computed by

J
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2
x,i =

∑
s

∑
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vx,jf
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2
s,i,j (13)

Then, the electric field can be computed by
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This procedure does not need the relocation of the electric field onto the full-integer grids. However, the current
density given by Eq.(13) does not ensure the charge conservation law (10), which might affect plasma physics.

4 Exercises

4.1 Normalization and Courant condition

In any simulation codes, every quantity can take an arbitrary unit. Users should always be aware of the ratio
between simulation parameters and the physical quantities. In the Vlasov1 software, users could determine



the simulation system size (NX × DX) and spatial grid size (DX) with respect to the plasma scale, such as
the Debye length λD, and the simulation total time (NTIME ×DT ) and time step (DT ) with respect to the
plasma scale, such as plasma frequency ωp.

In Vlasov simulations, there are two “Counrant conditions” in the configuration (x) and velocity (vx) spaces.
Plasma particles cannot move over one spatial grid size in one time step, i.e., VMAX < DX/DT . Plasma
particles also cannot accelerate over one velocity grid size in one time step, i.e., QM ·max(Ex) < DV/DT ,
where the velocity grid size is DV ≡ (VMAX − VMIN)/NV . It is difficult to check the second Courant
condition on the velocity space, because it is rather difficult to predict the maximum amplitude of electric field
(e.g., the saturation amplitude of plasma instabilities) from theoretical analyses. Set a larger amplitude of
initial noises in the default input parameter, and check what happens if the condition is violated.

Users are strongly recommended to make any modification on parameters and to take a view of any diagnostic
diagrams in the following themes for exercises.

4.2 Electrostatic linear dispersion relation

Linear dispersion relations of Langmuir (electron plasma) waves and ion acoustics waves to be confirmed. Load
the sample input file “omega-k diagram.dat” and preview input parameters for each species and initial noises.

• Change the thermal velocity for each species V T and the spatial grid size DX (and the time step DT ) to
check how the dispersion relation changes.

4.3 Langmuir wave propagation and Landau damping

Stable propagation of Langmuir wave at a lower mode number to be confirmed. Load the sample input file
“wave propagation.dat” and preview input parameters for each species and initial noises. Langmuir waves are
one of the most fundamental electrostatic waves in plasma.

The initial perturbations of electrons (i.e., density and bulk velocity) are set based on the linear dispersion
relation of Langmuir waves obtained from the electron fluid equations,

ω2 = ω2
pe + 3k2xV

2
te (15)

Confirm the stable propagation of Langmuir waves, with a small oscillation of electric fields. Note that this
oscillation is due to the difference between full kinetic (nonlinear) dispersion relation based on the Vlasov
equation and the linear dispersion relation based on the electron fluid equations.

• Change the mode number of initial noises and confirm the feature of wave propagation in both positive
(+x) and negative (−x) directions.

• Change the interpolation scheme and check how the result is affected.

• Change the electric field solver to confirm that the “Charge Conservation” scheme gives the same result
as the “Charge + Poisson” scheme. Also, check how the result is (nonphysically) modified by using the
“Current + E-field” scheme.

Next, increase the number of wave mode for initial noises, and put a single-mode perturbation at a higher
wave number. Users might find that the amplitude of a wave mode decreases at a constant rate as the wave
mode propagate, which is well-known as the Landau damping.

• Check that the Landau damping rate obtained from the simulation run corresponds to the analytic
linear damping rate in Maxwellian electron plasma. On a system size of NX = 200, DX = 0.5 and
the thermal velocity V T = 1, the wavenumber and the frequency of Mode 5, 6, 7, 8 is given as kx =
0.314, 0.377, 0.439, 0.503, and ω = 1.139, 1.194, 1.257, 1.326, respectively. The full Vlasov dispersion rela-
tion gives the damping rate of Mode 5, 6, 7,8 as γ = −0.017,−0.051,−0.096,−0.156, respectively. Note
that the energy diagram shows |Ex|2.

• Confirm that there occurs a non-physical growth of wave energy at t ∼ 2π/kx∆v, which is known as the
“recurrence” (Cheng and Knorr, 1976).



4.4 Parametric decay of Langmuir waves

Instability of large-amplitude Langmuir waves in the presence of ion species (NS = 2, QM(1)×QM(2) < 0,
|QM(1)| ̸= |QM(2)|) to be confirmed. Load the sample input file “Langmuir decay.dat” and preview input
parameters for each species and initial noises.

• Change the amplitude of initial noises and confirm the stable propagation of small-amplitude Langmuir
waves.

• Change the number of species to delete ion species and confirm the stable propagation of Langmuir waves
when ion species is absent.

4.5 Two stream instability and electron holes

Formation of electron phase-space hole in the phase plot by the interaction between the two groups of electrons
(NS = 2) with a relative velocity to be confirmed. Load the sample input file “two-stream instability.dat” and
preview input parameters for each species and initial noises.

• Confirm the feature of electrons trapped by the coherent electrostatic potential.

• Execute a longer run (larger NTIME) and find coalescence of potentials.

• Change the interpolation scheme and check how the result is affected.

4.6 Buneman instability

Electrostatic, current-driven, instability excited by the presence of a relative drift velocity between thermal
electrons and thermal ions (NS = 2, QM(1)×QM(2) < 0, |QM(1)| ̸= |QM(2)|) to be confirmed. Load the
sample input file “Buneman instability.dat” and preview input parameters for each species and initial noises.

• Change the thermal velocity of ions (V T (s) of QM(s) > 0) and check how the nonlinear evolution changes.

4.7 Harmonic Langmuir waves

Generation of multiple harmonic Langmuir waves in the ω−kx diagram by the interaction between a high-density
and low-density groups of electrons (NS = 2, WP (1)≫WP (2)) with a relative velocity to be confirmed. Load
the sample input file “harmonic Langmuir.dat” and preview input parameters for each species and initial noises.

• Confirm that coherent structure of electron phase-space holes is not formed but electron phase-space
vortices are mixed. Note that nonlinear evolution of beam-plasma interactions with various parameters is
presented by Omura et al. (1996).

• Confirm that harmonic modes are excited at nωpe (Yoon et al., 2003; Umeda et al., 2003).

5 For further studies

Recently, several higher-accuracy schemes are proposed (Minoshima et al., 2015; Tanaka et al., 2017), which
can be implemented into the VLASOV1/MATLAB code. The direct comparison between the higher-accuracy
schemes and CIP3/PIC4 schemes could show the importance of high-accuracy schemes. Also, readers are
recommended to port the VLASOV1/MATLAB code to a FORTRAN/C code for high-performance computing.
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